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Abstract

This paper analyzes continuous-time execution problems for a risk-averse large trader in
the presence of transient market impacts and an exogenous and stochastic factor that affects
a financial asset price. The stochastic factor, called Markovian environment, is described by
a generalized Ornstein-Uhlenbeck (OU) process. Our execution problem is formulated as a
continuous-time stochastic control problem over a finite horizon. By examining the Hamilton—
Jacobi-Bellman (HJB) equation, we provide an explicit execution strategy described as a time-
dependent affine function of state variables. The time-dependent coefficients are derived from
a solution to a system of numerically tractable ordinary differential equations (ODEs) with
terminal conditions, characterized by (i) a matrix Riccati differential equation (MRDE), (ii)
a vector-valued linear ODE, and (iii) a one-dimensional ODE. We also show that under some
mild conditions, the MRDE has a lower and upper bound matrices and thus a unique solution.
Moreover, we conduct simulation-based numerical experiments and confirm that the execution
strategy is influenced by the Markovian environment and captures various features observed in
financial markets.
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1 Introduction

Execution problems, firstly investigated by the seminal papers Bertsimas and Lo [7] and Almgren
and Chriss [3], have attracted widespread interest over the past two decades. In financial markets,
an institutional trader called large trader (e.g., pension funds, life insurance companies) executes
(trades) a large amount of orders, moving financial asset prices in an unfavorable direction. The
effect caused by the large traders on the prices is called market impact (or price impact). The large
trader is thus required to manage the following two different risks: the liquidity risk arising from
large order submission and the risk of future price fluctuation. The problems faced by large traders
as such are called execution problems. The readers may refer to, e.g., Cartea et al. [15], Guéant [39],
Laruelle and Lehalle [47], and Shimoshimizu [68] for a wide range of different configurations of
execution problems.



As for the market impacts, the temporary market impact, permanent market impact, and tran-
sient market impact are among the most discussed types. A temporary market impact refers to
a part of the market impact that fades away immediately after the execution, while a permanent
market impact is another part of the market impact that remains in the rest of the trading window.
On the contrary, the transient market impact, recognized as a striking aspect of market impacts, is
referred to as a kind of market impacts that decays over the trading window and is empirically con-
firmed (Bacry et al. [5]; Bouchaud et al. [10]; Gatheral [34]). The transiency of the market impact
indicates that a shortage of liquidity caused by a large trader’s execution results in an imbalance
between buy/sell orders in a financial market. There is considerable literature on execution prob-
lems in the presence of transient market impact (e.g., Gatheral et al. [36]; Kuno and Ohnishi [45];
Kuno et al. [46]; Schied and Zhang [66]; Tsoukalas et al. [71]; Luo and Schied [49]; Ohnishi and
Shimoshimizu [58, 59, 60, 61]; Fukasawa et al. [31, 32]; Neuman and Vo [54, 55]; Cordoni and
Lillo [20, 21]; Ackermann et al. [1], to mention only a few).

In addition to the market impacts, other exogenous factors often have a detrimental effect on the
market price of a financial asset. For example, existing empirical and theoretical studies demonstrate
that the order flow of small traders incurs a price impact (Potters and Bouchaud [63]; Cartea and
Jaimungal [12, 13]) and influences an (optimal) execution strategy (Cartea and Jaimungal [12, 13];
Fukasawa et al. [31, 32]; Ohnishi and Shimoshimizu [59, 60, 61]).! Another example of such an
exogenous factor is the order book imbalance (OBI), which refers to the difference between the volume
at the best buy price and the one at the best sell price divided by its sum and has a mean-reversion
property (Lehalle and Neuman [48]). Existing studies show that OBI causes price fluctuation (e.g.,
Cont et al. [19]; Stoikov [69]) and thus influences an (optimal) execution strategy (Lehalle and
Neuman [48]). These examples indicate that an exogenous stochastic factor can affect the price of
a financial asset, which in turn affects the (optimal) execution strategy or trade performance of a
large trader.

Based on the background described so far, we examine an execution strategy for a risk-averse
large trader in the presence of market impacts and an exogenous stochastic factor, both of which
affect the price of a financial asset. We assume that temporary, permanent, and transient market
impacts exist and that the exogenous stochastic factor is represented by a generalized Ornstein—
Uhlenbeck (OU) process. The main objective of this paper is to analyze how a risk-averse large
trader, taking environmental uncertainty into account, optimally executes her orders. In this paper,
we call the exogenous stochastic factor expressing the environmental uncertainty as Markovian
environment.

By formulating the execution problem as a stochastic control problem and examining the corre-
sponding Hamilton—Jacobi-Bellman (HJB) equation, we obtain an explicit solution of an execution
strategy and show that Markovian environment directly influences the execution strategy. Our the-
oretical analysis also allows us to predict the future inventory through only the information about
the current state when there exists no transient market impacts. In addition, our numerical experi-
ments reveal several features observed in financial markets. For example, the higher environmental
uncertainty (and the terminal cost per unit at the end of the trading horizon, respectively), the
faster the optimal execution speed to avoid future price fluctuation driven by the uncertainty (to
avoid the liquidation with high cost at the end). We also find that if a risk-averse large trader has
an initial inventory in some interval, there is a possibility of a (utility-based) statistical arbitrage
via a round trip trading through which the large trader can increase her expected utility.

This paper contributes to the existing literature from the financial viewpoints as follows. We
first derive an explicit optimal execution strategy that involves the effect of Markovian environment
on the financial asset price. The explicit execution strategy implies that a large trader should
incorporate a short-term predictive feature (e.g., OBI) into their execution strategy. Our model
also provides an explicit formula for predicting the future inventory given the information about the
current state variable for the model without transient market impacts or with the rather low liquidity

!Some studies examine execution problems with endogenous order flow influenced by a large trader’s order sub-
mission (e.g., Chen et al. [18]).



risk. By the formula, practitioners or large traders in financial markets can foresee and manage
the future remaining execution volume, which may be of great importance for fund managers such
as pension funds or life insurance companies. Furthermore, our numerical examples quantify how
environmental uncertainty influences the optimal execution strategy. Different from the discrete-
time analog as Fukasawa et al. [31], Ohnishi and Shimoshimizu [60, 61], the larger the diffusion
coefficient of Markovian environment, the more volatile the optimal execution strategy. Besides, we
also define a new concept of statistical arbitrage, utility-based statistical arbitrage. Defining a notion
of a statistical arbitrage from an expected utility maximization is important from the following two
aspects: (i) the notion is often considered in the framework of an expected cost minimization
in the literature; (ii) an expected utility maximization and an expected cost minimization are
essentially different. Much of the existing literature has focused on an optimal execution problem
from a viewpoint of an expected cost minimization with running inventory costs and analyzed the
existence of transaction-triggered price manipulation or (statistical) arbitrage. Some studies argue
that the running inventory cost implies a risk-aversion effect of a large trader, while the relationship
does not always hold except in a specific case (e.g., where an optimal execution strategy lies in a
deterministic and non-randomized class). Therefore, it would be of considerable value to provide a
rigorous definition of utility-based statistical arbitrage.

Several papers are closely related to our papers and we need to clarify the differences. Cartea
and Jaimungal [13] study an optimal execution problem with temporary and permanent market
impacts under the assumption that price impacts also arise from the order-flow of other traders.
Lehalle and Neuman [48] then analyze a similar problem with transient market impacts. Neuman
and Vof3 [54, 55] also extend these studies and examine an optimal execution problem with both
transient and temporary market impacts. Our model differs from these studies in that (i) we
consider an expected exponential-utility maximization problem; (ii) we include a permanent impact
and a transient impact simultaneously, although most literature considers one of the market impacts
(including the mentioned studies). Moreover, we tackle a relevant issue of proving the existence and
uniqueness of the solution to a differential equation arising from our optimal execution problem.
Some literature (e.g., Ma et al. [50], Bergault et al. [9]) analyze the point in an execution problem,
although their model does not take into account permanent and transient market impacts. Due
to the existence of permanent and transient market impacts, proving the existence of the unique
solution to the ordinary differential equation (ODE) involving the HJB equation becomes difficult.

From the mathematical point of view, we contribute to the literature by overcoming this difficulty
and showing a sufficient condition under which there exists a unique solution of a matrix-type
Riccati differential equation (MRDE) arising from our stochastic control problem. To be precise,
we examine the following type of MRDE:

2 =-9'B-B'Q,-C+Q/AQ,, (1)

where €; is a matrix-valued function of time ¢ € [0,7] with some terminal condition Q7 and A is
neither positive nor negative semidefinite. Due to this indefiniteness, classical results for MRDE are
unavailable. Our approach to proving the existence of upper and lower bound matrices is based on
a combination of comparison theorem originally developed by Freiling and Jank [28] and an analysis
of a lower bound of the optimal value function. This approach would furnish a basis for proving the
existence and uniqueness of another MRDE that arises from execution problems or other stochstic
control problems.

This paper proceeds as follows. In Section 2, we construct a market model which characterizes
the generalized market impact model. We solve a maximization problem of the expected utility for a
risk-averse large trader and show the existence theorem regarding the MRDE in Section 3. Section 4
is devoted to conducting numerical experiments to see how problem parameters influence the optimal
execution strategy. Finally, Section 5 concludes. The proofs are shown in the appendices.



Notation

R4 (R4, respectively) denotes the set of non-negative (positive) real numbers. We represent by C
the set of complex numbers. Let K be either R or C. For any positive integers n,m € {1,2,...,}, we
use the notation K" to describe the set of all n-dimensional K-valued column vectors and M"™™(K)
to describe the set of all n x m K-valued matrices. In particular, M"(K) := M™"(K) is the set
of all n-dimensional K-valued squared matrices. The set of n x n K-valued symmetric matrices is
denoted by S™(K). We use the notation SY | (K) (S (K), respectively) to denote the set of K-valued
positive definite (positive semidefinite) matrices. I, € S, (K) denotes the n x n identity matrix.
For an n x m K-valued matrix or vector A, we let AT stand for the transpose of the matrix or
vector. In addition, for any n-dimensional squared matrix A € M"(R), tr(A) is the trace of A.
Finally, for any A, Ay € S"(R), we write A; > A, if and only if A; — Ay € S7. This inequality
defines the natural order on symmetric matrices.

2 Market Model

We assume that in a financial market, a risk-averse large trader is obligated to purchase Q (€ R)
volume of a risky asset in a time window [0,7]. Let Q; (€ R) be the cumulative purchase up to
time t € [0, 7] of the large trader. Then, the number of shares that remained to purchase at time
t € [0,T] is described as

Q=9 Qs (2)
with the initial condition: Q, = Q. We consider a continuous trading strategy:
dQ; = Qudt. (3)

It is assumed that @ is continuously differentiable in time ¢ € [0,7]. We denote by the positive and
negative Q; the acquisition and liquidation of the risky asset, respectively. This leads to a similar
setup for a selling problem.

The execution price of an asset ﬁt is assumed to follow a linear market impact model (e.g.,
Bertsimas and Lo [7]; Almgren and Chriss [3]; Gatheral et al. [36]; Obizhaeva and Wang [57]; Kuno
and Ohnishi [45]; Cartea and Jaimungal [13, 12]; Kuno et al. [46]; Lehalle and Neuman [48]; Ohnishi
and Shimoshimizu [59, 60, 61]; Fukasawa et al. [31, 32]):

P, = P, + N0y, (4)

where P, (€ R) represents the market price of the asset at time t € [0,7] and A\, (€ Ryy) is a
market impact coefficient at time t € [0, 7.

In the sequel of this paper, we assume that the buy- and sell-trade of the large trader induce the
same (instantaneous) market impact, although it would be different in the real market. We can,
however, justify this assumption from the statistical analysis of market data shown by, for instance,
Cartea and Jaimungal [13, 12]. The large trader’s wealth process at time t € [0, 7], denoted by W4,
evolves as

AW, = ~PdQ, = ~PiQudt = — (P + NQr ) Quat. (5)

Besides the above (instantaneous) market impact, we consider the permanent and transient parts
of the market impact. The residual effect of past market impacts is defined as

¢
R, =¢ PRy —I—/ e_p(t_s)as)\stds, (6)
0
or

th == —ptht + Oét)\tQtdt, (7)



where oy € R, is the deterministic linear temporary market impact coefficient. We define this
transient market impact by employing the exponential decay kernel G: [0,T] — R,:

G(t) =e ", (8)

where p € R, stands for the deterministic resilience speed.? This residual effect indicates that the
market impact decays gradually over the trading window [0,7]. Ry is assumed to be zero in the
following analysis. The assumption is quite plausible from the fact that the trader has no market
impact on any risky asset before liquidating/acquiring the risky asset, and thereby there exist no
residual effects caused by the trader on the price before the execution. Note that e\ Qy Tepresents
the temporary market impact caused by the large trader.

The market price is assumed to consist of the sum of the following two components:

P, =P/ + R, (9)

where Ptf for t € [0,T] stands for what we call the fundamental price of the risky asset. This
assumption stems from the definition of the transient market impact. The transient market impact
is the discounted sum of the past temporary market impact. Thus, the transient market impact
can be deemed to not influence the fundamental part of the market price. We define the dynamics
of the fundamental price as follows:

ap! = (ﬁtAtQt + L) dt + dZ,. (10)

Here Bt)\tQt represents the permanent market impact caused by the large trader. Contrary to the
transient market impact, the permanent market impact influences the market price by definition,
which in turn suggests that the permanent market impact directly affects the fundamental part
of the market price. Z; represents the effect of some public news/information about the economic
situation which may affect the market price (or quoted price). Adding to these two factors, we
assume that what we define as Markovian environment affects the fundamental price of the risky
asset.

Remark 2.1 (Separability of public news/infromation and Markovian environment). Readers may
consider that it would be possible to stack the two components, Z; and Z;, as a single factor. We,
however, formulate a financial asset price with the two factors to clarify the relationship between
existing studies and our study. Existing studies (e.g., Cartea and Jaimungal 2016b; Lehalle and
Neuman 2019; Fouque, Jaimungal, Saporito 2022; Neuman and Vof§ 2022, 2023; Ohnishi and Shi-
moshimizu 2025) theoretically assume that the effects of public news/information and Markovian
environment are separable. Our model also builds upon this assumption, by which we can compare
our model with existing literature and highlight the importance of considering the presence of an
exogenous stochastic factor when analyzing execution problems.

Remark 2.2 (Interpretation of Markovian environment I). The interpretation of the Markovian
environment can be various and needs to be considered carefully. {Z; }o<;<7 represents some “state”
of the financial asset market or trading system of the exchange at time ¢. The Markovian envi-
ronment affects in a linear functional form the drift term of the price process of the financial asset
that is the subject of our trade execution. We assume that it follows an Ornstein-Uhlenbeck type,
Gaussian, and Markovian process.

?Much of theoretical analysis, such as in Obizhaeva and Wang [57], Tsoukalas et al. [71], deal with a (deterministic
and) time-independent resilience speed. Many empirical kinds of research, however, demonstrate that liquidity is
variable over time, suggesting that the resilience speed is time-dependent. Our analysis allows the time-dependence
for the resilience speed, i.e., p; for all ¢ € [0,T], as considered in Fruth et al. [30]. Notwithstanding a meaningful
extension from the viewpoint of real market analysis, we henceforth formulate the model without a time-dependent
parameter (i.e., with p) since the dependence will not offer additional intriguing results in the following analysis.



e A classic and important example would be the continuous-time dynamic model version of
the single factor model of asset price returns motivated by the Capital Asset Pricing Model
(CAPM), a static equilibrium model of a financial asset market. Originating from the discrete-
time CAPM (by, e.g., Sharpe [67]), the continuous-time CAPM relation is investigated by, for
instance, Merton [51, 52|, and implicitly by Cox et al. [22]. In our model, the rate of return
on the market portfolio or its proxy, the asset market index, represents the state of the asset
market.

e Many existing studies consider an effect on the risky asset price by a mean-reverting process
expressing aggregate orders submitted by small traders. It is empirically shown that the
market impacts caused by small traders are larger than those caused by large traders (Potters
and Bouchaud [63]). Cartea and Jaimungal [13, 12] examine an expected cost minimization
problem under the existence of small traders. Also, Fukasawa et al. [31] and Ohnishi and
Shimoshimizu [59, 60] investigate an expected utility maximization problem incorporating the
effect caused by small traders. These studies show that the aggregate past orders posed by
small traders do influence the optimal execution strategy of a large trader. In line with these
studies, we can consider (Bt)\tQt + 7;) as the permanent market impact caused by market
traders.

e Some studies also study other features that influence the stock price. Lehalle and Neuman [48],
for instance, finds that the order book imbalance (OBI in abbreviation), defined by Imb, with
the volumes V? of the best bid and V¢ of the best ask defined as

V;b _ ‘/ta

Tmby == -t 't 11
mb¢ th—i—Vta ( )

has a predictability of future price movements (e.g., Stoikov and Waeber [70]). According to
the empirical analysis, one can interpret Z; as the effect of the order book imbalance on the
fundamental price. We should note that the OBI does not directly affect the fundamental

price as the form (10). The OBI is assumed to, for example, influence the fundamental price
as a linear form. That is, Z; is assumed to be a linear function of OBI as

It = mtImbt, (12)

for some deterministic coefficient function ;. This relationship is empirically confirmed by
Lehalle and Neuman [48].3 Others, for example, Stoikov and Waeber [70], also show the
predictability of the imbalance between the top of book bid and ask sizes, the so-called order
flow imbalance (OFI). Bechler and Ludkovski [6] show that the OFI has a predictability of

the price movement and examine an optimal execution strategy taking into account the OFI.

One can also consider the Markovian environment as the trader’s view of the market, as stated
in Cartea et al. [14] or Donnelly and Lorig [23].

3Existing studies illuminate the effect of microstructural factors on the market price of a financial asset. In
particular, how price dynamics of a financial asset are determined through the order book has attracted widespread
interest among academic researchers and practitioners. We may recognize the mid-price as the price of a financial
asset without any price impact caused by (large) order submissions. Another feature that may be of interest to
practitioners is the weighted mid-price defined by the order book imbalance the total volume at the best bid Q® and
the total volume at the best ask Q% as w = Q°/(Q° + Q%).

Both types of “mid-price” have the advantage of being easily obtained from market data, although existing studies
have shown their shortcomings (e.g., Gatheral and Oomen [35]; Robert and Rosenbaum [64]). Stoikov [69] then defines
the notion of micro-price. The micro-price P™"° incorporates the effect of mid-price M, order book imbalance I,
and the bid-ask spread S := P® — P? into the components of the underlying price: in mathematical form, we can
write the dependence as

P = M +g(I, 5), (13)

using a function g, which can be empirically estimated.



Remark 2.3 (Interpretation of Markovian environment II). We can interpret the Markovian en-
vironment as the drift of the financial asset. From this viewpoint, the Markovian environment can
represent the financial asset return with mean-reverting property. Various studies investigate the
effect of the mean-reversion property in the stock return on financial activity (e.g., Wachter [72];
Hillebrand [40]; Gao et al. [33]). Theoretical studies also have analyzed a trade execution strategy
that exploits predictable (microstructural) factors (e.g., Garleanu and Pedersen [37, 38]; Chan and
Sircar [17]; Cartea et al. [11]; Ma et al. [50]; Forde et al. [25]; Fouque et al. [26]; Neuman and
Vof3 [54, 55]; Drissi [24]).

Remark 2.4 (Related literature and the differences). There are some papers closely related to our
analysis. For example, Lehalle and Neuman [48] consider the effect of market microstructure signal
on the risky asset price in the presence of transient market impacts. Another paper Cartea and
Jaimungal [13] investigates an optimal execution problem in the presence of temporary and perma-
nent market impacts. The market model is similar to those papers, in particular, the one of Lehalle
and Neuman [48]. We should here note that some differences exist between their models and our
model. First of all, as explicitly stated in the next section, our model considers an expected (CARA)
utility maximization problem, although Lehalle and Neuman [48] and Cartea and Jaimungal [13]
study an expected cost minimization problem. Examining the execution problem from an expected
utility maximization enables us to consider the risk-averse property more accurately than other
models focusing on the expected cost minimization problem. Lehalle and Neuman [48], in addition,
do not consider the permanent market impact term as (10). (They assume that the market impact
affects only the market price dynamics.) Also, Cartea and Jaimungal [13] does not include the
transient part of the market impact, although the transient market impact plays a key role in our
analysis. Our analysis sheds light on an optimal execution problem including all the fundamental
aspects of market impact and the large trader’s property in one model. In addition, Bergault et
al. [9] examine an optimal execution problem when the price dynamics of multiple risky assets are
described by a multidimensional OU process. Drissi [24] studies an optimal market making problem
in a similar price dynamics setting. Our model differs from these two studies because we assume
that the drift of the price dynamics is characterized by an OU process. We additionally account for
the effect of transient market impacts in the price dynamics on the execution strategy.

The more mathematically formal setting of the above model is as follows. Let (Q, F, {F;}o<t<7, P)
be a filtered probability space. The processes of the Markovian environment Z; and the effect Z;
caused by public news or information on the (quoted) price are defined on the space as follows:
dZ; = (af — b{T;) dt + o7 ABF;
dZ; = pidt + o dBY,

—~

14)
15)

—~

where Bf and Bf stand for standard Brownian motions with Bf = B =0 a.s., p € R, and Zy = 0
except the numerical experiment in Section 4. Eq. (14) is a generalized Ornstein—Uhlenbeck (OU)
type process. The explicit solution is given by

t t
It:IOBI(O,t)+/ afBZ(s,t)der/ olB%(s,t)dBL, (16)
0 0

where for z,y € R,

BZ(z,y) = exp {— /: bfdu} : (17)

We also assume that the filtration {F;}o<i<7 is the natural filtration generated by (Bf, Bf), that
is,

Fii=o{(BL,B%),0<s<t} (18)

4The author also analyzes an optimal execution problem with Bayesian learning of the drift in the asset price.



and satisfies the usual conditions. The quadratic co-variation of B and Bf takes the following
form:

d(B%, B?); = phZat. (19)

This equation implies that these two processes are allowed to be correlated with each other. Note
that af,bf, 0f, uf ,0f in the dynamics of Z; and Z; are all deterministic in time ¢.

Remark 2.5. When af = 0 for all ¢ € [0,T], Eq. (14) is called a generalized Langevin equation.
Also, in the context of the (affine) term structure modeling, a general dynamics of short rate model
described by Eq. (14) is flexible for real data by just allowing the time-dependency for a:

7
dZ; = (af — b'T;) dt + o7 dBf <: v? < — It> dt + aIdBtI> : (20)
(See, e.g., Hull and White [41] and Hull [42].) Therefore, we can assume that dynamics (14) or (20)

describe any factors that affect a financial asset price and have a mean-reverting property.

If we assume that the information flow accessible for the large trader is carried by the filtration
{Ft}o<t<r, then the executed volume @Q; of the large trader by time ¢t € [0, 7] is an Fi-measurable
(real-valued) random variable. Thus, the set of admissible execution strategies is defined as follows:

A= {{Qt}ogtST‘{]—'t}ogtg;pfadapted process with a continuously differentiable path,
Qo =0} (1)

According to the dynamics of the market model, it turns out that the wealth process, price dynamics,
remaining execution volume, and residual effect depend on the process of the cumulative purchase
(or liquidation) denoted by Q = {Qs}o<s<t:
AW = ~PPdQ, = ~B2Q.dt = — (PtQ + )\tQt) Qudt; (
dPP = B \Qudt + Tydt + dZ; + dRY; (
dQ7 = —dQ, = —Qdt; (24
dR? = —pR2At + ay i Qsdt. (

However, to simplify the notations, we suppress the superscript () in the above expressions repre-
senting the dependence on @) to each state variable, and simply use the ones (Wi, Py, @, R;) defined
in the previous description except the cases when we should emphasize the dependence explicitly.

3 Performance Criteria and Execution Strategy

3.1 Performance Criteria of Large Trader

The state of the process at time ¢ € [0, 7], denoted by s;, is a 5-tuple and is defined as
s = (Wi, P, Q. Ry, T;)" €eRP (=RxRxRxRxR)=S. (26)

As we have mentioned above, each component of the state is dependent on the process of the
cumulative purchase/liquidation: {Qs}o<s<t-

The large trader’s utility function is assumed to have a constant absolute risk-aversion (CARA)
von Neumann—Morgenstern (vN-M) utility function. The utility payoff (or reward) arises only from
the terminal wealth at maturity:

gr(sr) = —exp{ = 1[Wr = (Pr +xrQr)Qr] |- (27)



where v € R, denotes the risk-aversion parameter. In the formulation of this criteria, we assume
that a large trader can execute her remaining execution volume at the terminal with closing price
Pr and that the execution at time 71" imposes the large trader to pay the additive cost y7 per unit
of the remaining volume.

We define the (conditional) expected utility of the large trader at time ¢ € [0, 7] on an execution
strategy @ = {Q¢}o<i<T € A as

V2 =E [~ exp{ = 1[Wr - (Pr+ x1Qr)@7] }| ] (28)
Let the optimal (expected utility) value from time ¢ € [0, 7] by

Vi, =esssupV,¥, te[0,7). (29)
QeA

From the Markov property of the state dynamics, V; depends on the history or information F; only
through the (controlled) state s; € S and thus this functional dependence is represented by the
optimal value function as

V[ta Wtapta@t’RhIt] = Vvt? te [O7T] (30)

3.2 HJB Equation
From the dynamic programming principle, the optimal value function, denoted by

V[t7 St] = V[ta Wta'Ptvathtvzt] (31)
with the terminal condition:

V[Ta WT7 PT:@Ta RT)ZT] = —€exp { - V[WT - (PT + XTQT)QT]}7 (32)

satisfies the following Hamilton-Jacobi-Bellman (HJB) equation (or dynamic programming equa-

tion) for the optimal execution speed (or optimal control) Q:

sup | = (P + MQt ) QuiwV + (ar + BONQuOPY — QuigV + ahiQudnV |
QteR

+ 0V + (—pRe + Ty + MtZ) OpV + (—pR)ORV + (af — bFT)drV
1
+ B {(O'tZ)QapPV + QO'tIO'thI’ZaPIV + (0'132)2811‘/} =0, 0Z5t<T, (33)

if we assume that the function V: [0,T] x S — R is in C}2.°

3.3 Execution Strategy and Value Function

Theorem 3.1 (Execution strategy and value function). If the solution to the system of ODEs
given by Eqgs. (35) to (44) uniquely exists, the following statements hold:

1. The HJB equation (33) admits a solution V[t, s;] = V[t, Wy, P, Qy, Ry, I;] at time t € [0, T
represented as

VI[t,Wt, Pr,Qy, Ry, It) = — exp {—7 [Wt — PQ, + G(Q)* + HiQ, + LQ Ry + Ju(Ry)* + LR,

+ MQT+ NeR T+ XL + YT+ K s (34)

5That is, V is continuously differentiable with respect to time and continuously twice differentiable with respect
to each state variable.



where

. 1 1 + BN + 2G; — N I Y2
&y = (07 — P ot oM, + n(oTyeagp - W T BIA T 2C m a7 o
2 2 4N
Hy = /~Lt _atMt yp sl O Uth‘F’Y(Ut) MYy
 {las + B +2Gy — au AL} (Hy — aydeLy) | (36)
2\ k
It:—p—i-pft yp 2T Ut (o Nt+"}/(0't) M Ny
- Ao + BN 426G — au e} (I — 200\ ) | (37)
2)¢ ’
1 I — 204 0\ Jp)2
J =200, + Ly(oByne - Utz 200w h) (39)
2 4N
I — 204 M\ Jy) (Hy — ay N L
Ly = pL; — XN, + v(6L)2N,Y; — (F: = 2ahe ;)A(t e~ arhile), (39)
M, =1+ thMt - 2'ypZIat o IX, + 2'7(‘71: ) M X,
. {(at + ﬁt))\t + 2Gt — Oét)\tft}(Mt — atAtNt) . (40)
2N ’
. I — 200 M Jy) (My — a Mg N,
N; = pN; + bE Ny + 2y(0F )2 N X — (e = 2ok, t2)§\ Lo A t); (41)
¢
M, — N,)?
X; = 27 Xy + 2v(0F)2 X2 — (M, 40;& ) ; (42)
¢
. My — oy M Ny ) (Hy — oM L
Vi = 207X, + EY; + 2y(oT)2x,y; — e m ke ;)A( t —athly), (43)
¢
. 1 H; — ay)iLy)?
Ry = —a2Vi — (B2 X, + ty(o )y — He od LT (44)
2 4N
with the terminal conditions:
Gr=—-xr; Hr=Ir=Jr=Lr=Mr=Nr=Xr=Yr=Kr=0. (45)

Thus, if the optimal value function is of the form (34) and in C%2, the unique solution is the
optimal value function. Also, its coefficient functions Gy, Hy, Iy, Jy, Ly, My, Ny, Xy, Yy, K; are
characterized (and obtained) by Egs. (35) to (44).

. Under the above assumption, the optimal execution speed at time t € [0,7], denoted as QZ‘ ,
becomes an affine function of the remaining execution volume (), and the cumulative residual
effect R; and the Markovian environment Z; at time t:

Qf = fi(st) = ar + b, Q; + Ry + dyT;, 0<t<T, (46)
where
ay = _H - Oét)\tLt; by = — (o + B) At + 2G — Oét)\tft;
20\ 2\
. _It — ;it)\t,]t; dy = _Mt _Qiz)\tNt- (47)
Proof. See Appendix A. O

Remark 3.1. The ansatz of the optimal value function (34) is based on the argument in Fukasawa
et al. [31]. They analyze an optimal execution problem in a discrete-time setting in a similar
framework.
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From Theorem 3.1, the optimal execution speed QF depends on the state s, = (W, Py, Q,, Ry, I;)
of the controlled process only through the remaining execution volume @Q,, the cumulative residual
effect R;, and the Markovian environment Z;, not through the wealth W; or market price P;. In
addition, by definition of Markovian environment, the optimal execution volume Qt includes a
nondeterministic term (random variable), the optimal execution strategy being a stochastic one.
Therefore, the following corollary immediately holds.

Corollary 3.1. If the Markovian environment 7Z; for all ¢ € [0,7] are deterministic, the optimal
execution speed Qf at time ¢ € [0, 7] also becomes a deterministic function of time in a class of the
static and non-randomized execution strategy.

Remark 3.2. The optimal execution expressed by Eq. (46) implies that the optimal trading strategy
is adaptive to different values of Markovian environment. Lehalle and Neuman [48] show that when
considering the transient market impact, the optimal trading strategy only depends on Zy and
becomes a deterministic and non-randomized one. Contrary to that, the model considered in this
paper allows us to derive the optimal execution strategy for a transient market impact model with an
effect of a Markovian environment on price dynamics. In light of signal-adaptive optimal execution
strategy, Cartea and Jaimungal [13] and Neuman and Vof [54, 55] derive an optimal execution
strategy adaptive to the microstructural signal (or Markovian environment in our terminology).
Our analysis differs from their ones in terms of the problem setting: They examine an expected
cost minimization problem with quadratic inventory costs, while we analyze an expected utility
maximization problem. Therefore, the

As for the system of ODEs, we have the following concise representation

Q=9 B, —B/Q — C,+Q AQ;; (48)

r‘t = D'y + Fy; (49)
. 1 1

K=~ (@D~ ¥]T, + T[T, + i (STQ8). (50)
4N 2

with the terminal conditions:

0 0 0 00 1
0 0 —1/2 00 0

Qr=10 —-1/2 —xr 0 0] cS’R); Tr:=[0]| €R’ Kpr=0, (51)
0 0 0 00 0
0 0 0 00 0

where

0 0 0 0 0 1
0o 0 —-1/2 0 0 0

Q=0 -1/2 Gy 1/2I; 1/2M; | € S’(R); T;:= | H;| € R?, (52)
0 0 1/2L, J  1/2N; Ly
0 0 1/2M; 1/2N, X Y;

and Az, By, and C} are given by Egs. (131), (132), and (133), respectively. The derivation of these
system of ODEs is given in Appendix B. Egs. (48), (49) and (50) are Egs. (126), (127) and (128),
respectively. We should note that the system of differential equations can be stacked and examined
separately via (i) a matrix Riccati differential equation (MRDE in abbreviation) represented by €2,
(ii) a linear differential equation represented by I';, and (iii) a one-dimensional differential equation
represented by K;. As shown in the derivation of the optimal execution, ; and I'; originally consists
of coupled matriz Riccati-type differential equations. After a tedious calculation, however, we obtain
the above concise representation and are able to separately examine the existence and uniqueness
of Q; and IT';. (Readers are referred to Appendix B.4 for the detail.)
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Remark 3.3 (Applicability of existing theories). We should note that A, € S*(R) is neither
positive nor negative semidefinite. Therefore, existing results about the existence of the solution
to a matrix-valued Riccati ODE (e.g., Theorem 2.2, Freiling et al. [29]) are not applicable to the
above matrix Riccati differential equation (MRDE); nor the argument established by Drissi [24] due
to the terminal condition. We also mention the difficulty of applying the argument of Bergault et
al. [9] to our MRDE. They analyze an optimal execution problem for a set of asset represented by
a multidimensional OU-process and examine an associated MRDE arising from the HJB equation.
The difference between their model and our model lies in the existence of permanent and transient
market impacts. With these impacts, we cannot consider an upper bound for MRDE by examining
a Merton problem, which is conducted by Bergault et al. [9]. For the same reason, we connot adopt
their argument on verification theorem to our control problem.

To overcome this difficulty, we investigate the existence and uniqueness of the solution to the
above system of MRDE under some parameter sets. To this end, we introduce the following func-

tions:
m(as8) = (ot 9 fata+ 6)+ 35| (>0 (53)
ho(a, B) = a(a+ B)% + 27 (02)2 (a4 B2+~ (O'Z)2 o (>0); (54)
hs(a, B) = ala+ )+ (o7)° (>0), (55)

In addition, we make the following assumption (see also Remark 3.4).

Assumption 3.1. We assume that the parameters (a, 8, A, v, 0?) satisfy the following conditions:
Condition 1: 2v(6%)? — Ma + )% > 0; (56)
Condition 2: hy(a, B)A% — ha(a, B)A + 2v (07)% hs(a, B) > 0. (57)

We are now ready to state the following theorem regarding the solution to MRDE (48).

Theorem 3.2. Assume that (i) the problem parameters are time-homogeneous, (i) p?% = 0, and
(iii) 6 > 0. If, in addition, Assumption 3.1 holds, there exist a time-independent lower bound matrix
Q and an upper bound matrix € for the matrix ; that satisfies the matrix Riccati ODE (130): For
all t € [0,T7], we have

Q< <q (58)
In addition, the unique solution to MRDE (48) exists.
Proof. See Appendix C. O

This theorem ensures that there exists a set of parameter sets under which the unique solution
to MRDE (48) exists. Some remarks follows.

Remark 3.4 (Interpretation of conditions (56) and (57)). The first condition (56) is rewritten as
27(6%)? > Mo+ B)2. (59)

The second condition (57) is quite a technical one. However, the condition holds when A is equal to
zero (and sufficiently small and large). These conditions thus imply that when the market impact
is rather small, the unique solution for the matrix Riccati ODE exists.

Remark 3.5 (A sufficient condition for Condition 2 (or Eq (57))). If

«
a+f
holds, the above condition (57) necessarily holds.

(0 <) A< 2, (60)
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The optimal execution speed satisfies the following functional equation:

Qf = ar + bQ, + Ry + di T,

t t
= a; + by / Qydu + ¢ <6_ptR0 + / ay A e P Q?;dU> + di 1y
0 0

t
=g+ / K(t,u)Q:du, (61)
0
where
gt ‘= ay + Cte_ptR() + diZs, (62)
K(t,u) ==b, + ayhge PEWe,. (63)

Eq. (61) is a Volterra integral equation of the second kind. Since the function g and the integral
kernel K are continuous, the equation has a unique solution (Yosida [73]).

3.4 Special case: No transient market impact

As a special case, we examine an optimal execution strategy for the model described so far without
transient market impacts. If oy is zero, the residual effect of past market impacts becomes zero
since we assume that Ry = 0. Moreover, in the case that the residual speed goes to infinity, the
residual effect of past market impacts becomes zero for all t € [0, 7] since from Eq. (6),

t
lim R; = lim (eptRo - / ep(ts)as)\stdt> =0, (64)
0

p—00 p—00
holds for all ¢ € [0,7]. In both cases, the market price dynamics become
dP, = B\ Qqdt + Tpdt + d Zy, (65)

that is, we have a permanent impact model with Markovian environment. In this case, our model
partially includes the so-called “target zone models,” in which the price of an asset traded by a
large trader has one or more barriers and is reflected at the barriers (e.g., Krugman [44]; Neuman
and Schied [53]; Belak et al. [8]). To be precise, if the large trader executes no orders, the price
is capped by the mean-reverting process Z;. This model is motivated by the fact that monetary
authorities (e.g., central banks) keep a currency exchange rate above some threshold.

In the case without transient market impacts, by setting the state variables as s, := (Wy, Py, Q;, Zt)
we have the following results:

Corollary 3.2. Under the financial market considered in Section 2 without transient market im-
pacts, the optimal execution speed becomes an affine function of the current remained execution
volume and Markovian environment:

QF = as + biQ, + di Ty, (66)

where ag, l;t, and Jt are all deterministic functions of time. Then, the inventory at time ¢ for
0 <t < T has an explicit form as follows:

t t
Q, =Bb0,H)Q + / B (u, t)d,du + / B (u, t)d,Z,du, (67)
0 0

Bl(x,y) == —exp {— /: Esds} . (68)

In this case, the ansatz of the optimal value function is given by

where for z,y € R,

V[t 8] = —exp { - [Wt — PQ, + G(Q)? + H:Q, + MyQ,L; + X4(Ti)* + Vi T, + f(t} } (69)
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Proof. See Appendix E. O

In the case without transient market impact, the following corollary also follows from Theo-
rem 3.2 as a special case.

Corollary 3.3. If 5, =0 for all ¢ € [0,T], the unique solution for the matrix Riccati ODE always
exists.

By stochastic Fubini theorem,

t B t B U U
/ B (u, t)d,Z,du = / B®(u, t)d, (IOBI(O,U)+ / aBL(1,u)dl + / UZIBI(l,u)dBlI> du
0 0 0

0
t . t t B
:Io/ BZ(O,u)Bb(u,t)dudu—i—/ at (/ BZ(1,u)B(u, t)dudu> dl
0 0 !
t t
+ / ot < / BI(l,u)Bb(u,t)dudu> dBZ, (70)
0 l
holds. Thus, we can rewrite Eq. (67) as
o t t t B
Q, _B(o,t)Q+/ 3€ldl+/ of </ BI(l,u)Bb(l,t)dudu) dB?, (71)
0 0 !
where
t
%= B, t)a; + ToBL(0,1)B%(1, t)d; + af </ B (1,u)B(l, t)dudu) : (72)
!

Eq. (67) implies that the process of the remaining execution volume becomes a Gaussian (Ito)
process under the optimal execution strategy.
From these results, the following proposition holds:

Proposition 3.1. The mean (or average) inventory at time ¢ conditioned on Fs for 0 < s <t < T,
captured by E[Qt|}"s], becomes

E[Q)|Fs] =e” bl + 934 Te + 3ass (73)
where
t tz u ~
Vs,t 3_/ e Jubidlg= [ bﬁdmdudu; (74)
% L t . t - .
3sit ::/ e~ Jutidlg qr +/ e Jubidl (/ ale” Jo bkdkdm) d,du. (75)

Also, the conditional covariance of the inventory at time ¢ conditioned on Fs; for 0 < s <t <wv < T,
captured by Cov[Q;, Q,|Fs], is given by

Cov[Q,, O, F.] = / L (L, )L, (76)
where

A1) = oF /l "BE(1, B (u, t)dy (77)
Proof. See Appendix F. 0
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Table 1: Benchmark values for parameters.

Parameters wl  of o pb o B At af  bF  p vy xr T
Benchmark values 0 0.1 0.1 0 05 05 0001 05 05 01 0.001 001 1

Eq. (73) enables us to predict the future inventory given the current state. In particular, we
have

E[@t‘fs] =e f: bldl@s + US,TIS + 35,7 (78)

for 0 < s < T, indicating that we can predict the inventory at the end of the trading horizon through
the information about the current state at time s (@, and Zs). Also, the conditional variance for
the future inventory is quantified as

V[Q,|Fs] = /tm(z,t)%u = /:(alf)2 </lt BI(z,u)Bb(u,t)cZudu>2dz. (79)

S

Remark 3.6. If bX = 0, by a similar calculation conducted in Appendix D we obtain

_ ty - N
E[Qq|Fs] = eI+ "Q, + 55 Zs + s (80)
where
t t
s, ::/ e_fubldldudu; (81)
St t t t
3sit ::/ e_fubldlaudquaI/ e_fubldldu(ufs)du. (82)

4 Numerical examples

Theorem 3.1 characterizes how Markovian environment affects the large trader’s optimal execution
strategy. We can identify the effect of Markovian environment on the optimal execution strategy
as environmental uncertainty. In this section, we examine how a large trader facing environmental
uncertainty executes her orders in a financial market by comparative statics and simulation-based
analyses.

We assume the time homogeneity of the time-dependent parameters. The benchmark values
for parameters in this section are shown in Table 1. It should be noted that the initial value of
Markovian environment is set as zero in the rest of this paper except Subsubsection 4.3.2.

Remark 4.1 (Implications of parameters). We set o, = §; = 0.5 as the benchmark values. These
parameter values imply that the instantaneous market impact caused by the large traders at time
t € [0,7] is just half decomposed into temporary and permanent market impacts. In addition,
under the benchmark parameters setting, the dynamics of Markovian environment are given by

dZ; = (0.5 — 0.5Z;)dt + 0.1dB = 0.5(1 — Z;)dt + 0.1d BE, (83)

which implies that Markovian environment tends to push up the market price. Also, the parameter
ot denotes how high the environmental uncertainty is.

Remark 4.2 (Benchmark parameters and MRDE). The benchmark parameters in Table 1 does
not satisfy the conditions in Theorem 3.2 since in this benchmark setting, (at least) the condition

27(6%)* = AMa+B)? >0 (84)

is violated. In this case, however, we assure that MRDE (3.3) admit a unique solution by directly
substituting the values into MRDE and verifying that the condition be satisfied. For the detail, the
reader can refer to Appendix G.
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Figure 1: Comparative Statics for a;

4.1 Comparative statics for coefficients

We first conduct comparative statics for the coefficients of state variables in the optimal execution
speed (i.e., at, by, ¢y, di). In particular, we focus on how these coefficients are influenced by the
parameters defining Markovian environment (aI b and O'I) and execution cost at the terminal
(x7). This analysis allows us to see how a large trader incorporates Markovian environment into
the optimal execution strategy. Figures 1 to 4 illustrate the comparative statics for the coefficients
with different values of the parameters.

From Figures 1 to 4, we numerically find that the coefficient of residual effect (¢;) seems to
be negative. We can interpret this result from the following insights: The residual effect is the
discounted sum of the past market impacts caused by the large trader’s order submissions. Thus,
the negativity of ¢; implies that a large trader reduces the execution speed in accordance with the
degree to which she has incurred the market impacts. This result reflects the following viewpoint:
The more the large trader has caused market impacts, the more unpreferable the future price
movement is. Thus, the large trader slows down the execution if she poses large orders before some
trading time. There are many other insights observed from Figures 1 to 4 as follows:

e The part corresponding to the constant term (a;) decrease as environmental uncertainty in-
creases. This result infers that the large trader tends to avoid the loss from price fluctuation
driven by environmental uncertainty. In addition, as a’ (and thus mean-reversion level) in-
creases, the coefficient rises more, and the feature is remarkable at the beginning of the trading
window. When a? is large, Markovian environment pushes up the market price, which is un-
preferable for the large trader with positive initial inventory, and vice versa. Therefore, the
large trader with positive initial inventory should liquidate her orders at the beginning before
the market (execution) price becomes high.

e The coefficient of the remaining execution volume (b;) increases in the first half of the trading
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Figure 4: Comparative Statics for d:

window as environmental uncertainty increases. The large trader is risk-averse and avoids
future fluctuation caused by environmental uncertainty. Thus, this result implies that the
large trader executes fast when environmental uncertainty increases. On the contrary, the
coefficient decreases at the end of the trading window as the terminal cost (per unit) increases.
The large trader executes faster at the end of the trading window as the terminal cost increases
more to reduce the terminal payment of additional costs.

The coefficient of the residual effect of past market impacts (¢;) increases in the first half of
the trading window as environmental uncertainty increases. Combining this result with the
negativity of the coefficient, the large trader reduces the degree of incorporating the residual
effect of past market impacts into optimal execution strategy and facilitates her execution to
avoid environmental uncertainty. In addition, high terminal cost leads to the increase of the
coefficient. With high terminal costs, the large trader is keen to execute orders fast not to
remain some volumes that she must unwind at maturity.

The coefficient of Markovian environment (d;) increases in the first half of the trading win-
dow as environmental uncertainty increases. In addition, as the terminal cost is higher, the
coefficient decreases more. These results imply that a risk-averse large trader avoids incorpo-
rating Markovian environment into the optimal execution strategy under a market with high
environmental uncertainty or high terminal cost. Also, the faster the mean-reversion speed,
the less the coefficient becomes.

Remark 4.3 (Effect of mean-reversion level of markovian environment). The parameter a’ and
thus the mean-reversion level of Markovian environment does not influence the coefficients by, ¢, d;.
We can mathematically confirm this result from the system of ODEs (Egs. (100) to (109)).

Remark 4.4 (Effect of mean-reversion speed of markovian environment). The coefficient d; may
not become zero even when parameter b” is zero. This result implies that our continuous-time
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Figure 5: Comparative Statics for 100 sample paths of Q, with £ = 1000

model is not the limit version of the discrete-time analog since the coefficient d; becomes zero if b*
is zero.

4.2 Simulation of optimal execution

We next examine how optimal execution strategy differs depending on the market situation as well
as the large trader’s initial inventory. As stated in Subsection 3.3, the optimal execution speed lies
in a class of stochastic strategies. Therefore, we run the simulation for N = 100 sample pathes to
obtain 100 realized optimal execution strategy captured by Q,(k) for t € [0,7] and k € {1,...,N}.
For each k € {1,...,N}, Q,(k) represents the kth sample path of the large trader’s remaining
execution volume for ¢ € [0,7]. The reason that we only show 100 sample paths is that more
sample paths make the realization of optimal execution strategies unidentifiable.

4.2.1 Sample paths of @t

Our first objective in this subsection is to identify how variations in parameters affect the optimal
execution strategy and whether a kind of statistical arbitrage exists or not. We first show the 100
paths of optimal execution strategy for large initial inventory Q = 1,000 with different values of
parameters: o2, a?,b”, and xr.

Figure 5 illustrates the 100 sample paths of optimal execution strategy with Q = 1,000. Panel (a)
in Figure 5 shows that high uncertainty driven by Markovian environment induces the large trader
to change the strategy depending on the realization of Markovian environment. This result demon-
strates that a risk-averse large trader chooses an optimal execution strategy adapted to Markovian
environment to take environmental uncertainty into account. The effect of a” is shown in Panel (b),
suggesting that as the value of a’ increases, the large trader executes faster. The mean-reverting
level of the OU process describing Markovian environment is given by a” /b” so that an increase of a”
infers that of future risky asset price (in the sense of expectation). Thus, a risk-averse large trader
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executes faster when a” is large Moreover, we observe from Panel (d) in Figure 5 that the higher
the terminal cost per execution, the faster the large trader executes his/her orders over the trading
horizon (and the less at the end of the trading horizon). This result confirms that a risk-averse
large trader tends to avoid the terminal liquidation if the terminal cost per execution is high.

4.2.2 Utility-based statistical arbitrage

Alfonsi et al. [2] and Palmari et al. [62] consider the following concept of transaction-triggerd price
manipulation in a cost minimization framework.

Definition 4.1 (Transaction-triggerd price manipulation (Alfonsi et al. [2] and Palmari et al. [62])).
A continuous trade execution model admits transaction-triggerd price manipulation if there exists
an initial inventory Q € R and a corresponding admissible strategy ¢ = {Q¢}o<i<7 € A such that

¢(Q) > sup{€(Q) [sign(Qr) = sign(Q), vt € [0,7] }, (85)
QeA

where A is the set of admissible strategies that satisfy E[ fOT Q?dt] < oo, and €(Q) for Q € A is an
execution cost driven by the strategy @ € A defined as

¢(Q) =E [W;? - QPO( fo} . (86)

Motivated by this notion of price manipulation, we define a concept of utility-based statistical
arbitrage.

Definition 4.2 (Utility-based statistical arbitrage). A financial market with Markovian environ-
ment {Z; }o<t<7 admits a utility-based statistical arbitrage for a large trader with CARA-type utility
if there exists an initial inventory 9 € R, and a trade execution strategy @ = {Q:}o<t<7 such that

E [ exp {7 [Wf? — (P2 + m@?)@?] H fo]

> ;g{E [— exp {—'y [Wf? —(P¥ + m@?)@?} }‘ -7:0} } (87)

where A (C A) is the (sub)set of admissible strategies defined as

A= {{Qt}ogtST‘{ft}ogtSTfadapted process with a continuously differentiable path,
Qo = 0, sign(Qy) = sign(Q), vt € [0, T]}. (88)

In this subsection, we examine whether there exists a utility-based statistical arbitrage in a
financial market by simulation-based numerical experiments.

Figure 6 illustrates 100 sample paths of simulated remaining execution volume under the optimal
execution strategy. Panels (a) and (b) in Figure 6 show that a financial market admits a utility-based
statistical arbitrage for high environmental uncertainty and high mean-reversion level of Markovian
environment. On the contrary, from Figures (c¢) and (d) in Figure 6 we find that no statistical
arbitrages seemingly arise even if the mean-reversion speed and terminal cost per unit are high.

We also observe from Figure 7 that the possibility of utility-based statistical arbitrage is high
when the initial inventory is close to zero (Q = 10).

4.3 Optimal execution with zero initial inventory

We finally examine a sample path of optimal execution strategy with different values of parameters
for = 0. In this case, we call the trading strategy as round trip trading.
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4.3.1 Existence of round trip trading

We start this section by remarking that the if no round trip trading can increase a large trader’s
expected utility, the optimal execution strategy with zero initial inventory is given by zero-trade
strategy in which Q; = 0 for all ¢ € [0, T7.

Figure 8 demonstrates that there exists a round trip trading that increases the expected utility
(or Eq. (33)). Let 0 denote the zero-trade schedule.b Then, if V9[so] < V?[sq] holds for some round
trip trading strategy Q* = {Q} }o<t<T such that Q = 0 and

/OT Qrds +QF =0, (89)
we have
—exp{— Wy} = VO[sg] < V¥ [sg] = E {— exp {—VWT —(PF + XT@?)@?HFO}
< —exp{—E [Wr — (P + xr@P )T | R]}. o)

by conditional Jensen’s inequality, which implies that Wy < E [WT — (ch;2 et XTG? )@?

fo} .

4.3.2 Market situation

Large traders often observe a rise in financial market instability (e.g., fluctuation of financial asset
prices in a short time window). Typical examples are “Flash Clash” (Kirilenko et al. [43]) or “hot-

T .
/ Qsds =0,
0

SUnder this condition, we have

and thus Q, = 0.
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Figure 9: Comparative Statics for 100 sample paths of Q, with Q =0

potate game” (CFTC-SEC [16]; Schied and Zhang [66]), both of which precipitate market instability
worldwide. To examine whether there exists a utility-based statistical arbitrage for a large trader in
such a financial market, in this section we consider the situation that the initial value of Markovian
environment is negative but the mean-reversion level is positive.

Comparing Figures 8 and 9, the sign of optimal trade execution speed for Zy = —1 is different
from the one for Zy = 0 (except when a” = 5.0 in Panel (b)). In addition, Panel (b) in Figure 9
shows that the sign of the optimal trade execution speed differs depending on the mean-reversion
level of Markovian environment.

4.3.3 In the case of zero mean-reversion

The interesting case is when a” is zero but b* and o are different from zero. In this case, Markovian

environment is expressed by a (generalized) Langevin equation. In particular, we are interested in
whether there is a utility-based statistical arbitrage for a large trader in the following cases: (i) when
environmental uncertainty is high (i.e., when the value of o7 is large); (ii) when the mean-reversion
speed of Markovian environment is fast (i.e., when the value of b7 is large).

Figure 10 illustrates 100 sample paths for different values of o7 with Q = 0, aZ = 0 and b* = 0.5
fixed. As shown, the increase in environmental uncertainty raises the possibility that a round trip
trade starting from zero initial inventory may increase the large trader’s expected utility (and thus
the expected wealth).

Figure 10 also highlights that the existence of transient market impacts does not necessarily
leads to utility-based statistical arbitrage. This is because when o = 0, the large trader uses zero-
trade strategy. However, when o # 0, there is a possibility of utility-based statistical arbitrage.
These insights imply that environmental uncertainty may be more crucial than transient market
impacts from the viewpoints of utility-based statistical arbitrage.

Figure 11 shows 100 sample paths for different values of o with Q = 0, aZ = 0 and ¢ = 0.5
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fixed. We find that as the mean-reversion speed increases, the extent to which the large trader
executes orders decreases. This result seems plausible from the following consideration: In the
setting that aZ = 0, we observe that the mean-reversion level is zero. Therefore, the fast mean-
reversion of Markovian environment indicates that Markovian environment takes values near zero
and thus possibly has little effect on the asset price over the trading window. Thus, there is little
opportunity for the large trader to make use of Markovian environment to increase her expected
utility from zero initial inventory when the mean-reversion speed is fast.

5 Conclusion

We have examined an optimal execution model for a single large trader in a finite continuous-time
framework. The large trader maximizes the expected CARA utility arising from her wealth at
the end of the trading epoch in a market. By formulating a generalized market impact model,
the backward induction method of dynamic programming based on the dynamic programming
principle permitted us to derive the optimal execution strategy. This kind of work concerned with
an execution problem through the backward induction procedure of dynamic programming will be
explored from a more in-depth and extensive perspective, which we can expect will also give us a
more illuminating insight into all the other problems left in this field of research as follows.

There would be room for extending our analysis as a stochastic differential game of an execution
problem played by multiple large traders. The assumption of single large trader being in a financial
market may be relaxed by assuming that multiple large traders exist and influence the execution
price. This makes us capable of formulating the problem as a stochastic differential game played by
multiple large traders. The formulation is, however, intractable in terms of obtaining an analytical
solution.
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Appendix
A Proof of Theorem 3.1

From the discrete time analogue of Fukasawa et al. [31], we guess the objective (or value) function
as follows:

V [t, Wy, Py, Qy, R, ;] = —exp {—’Y (Wi — PQ, + Gi(Q)* + HiQ, + LQ, R, + Ji(R)* + Ly Ry
+ MQ, L + Ny R Ty + Xo(Ty)? + Yoy + Kt] }7 (91)
with the terminal condition:
V [T,Wr, Pr,Qr, Ry, Ir| = — GXP{ —[Wr — (Pr + xrQr)Qr] } (92)

The partial differentials of V' [t, Wy, P, Q,, Rt,It] with respect to time and each state variable is
calculated as follows:

OV =— {Gt(@t)Q + HiQ, + [,Q Ry + iR} + LRy + MyQ, Ty + Ny RTy + X, 17 + Vi1, + Kt} Vi
owV = —V;

opV = ’Y@tv

gV =~ (=P +2G,Q, + Hy + IR + ML) V5

OrV = = (LQy + 2J;R, + Ly + N/I) V;

01V = —y(MyQ, + Ny Ry + 2X¢ Ly + Y3) V;

=2
OppV =7°QV
oprV = —72@75 (Mt@t + N Ry + 22X, 1 + }/t) Vi
o7V = =29X,V + ’)/2(Mt@t + NeRy + 2X4 7 + Y;i)zv

Therefore, by substituting these into Eq. (33), we have

sup Y |:)\th + [{(Qt + ,Bt)At + 2Gt — at)\tft}@t + (It — 2at)\tJt) Rt + (Mt — at)\tNt)It
Q+€R
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9] = X+ 27X + 2y (o PXF VIRV + 9] Vi — 20T X + B]Y: + 2(oF P XY TV

. 1
+9{ = Ko = afYy = (2 X0 + (DY PV = 0. (93)
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Since we assume the negative exponential utility function above,

sup ’Y[)\tQtz + [{(at + Be) e +2Gy — at)\tft}@t + (I — 2c4 M Jy) Ry
Q+€R
+ (My — ay\yNy) Ty + (Hy — at)\tLt)]Qt} Vv

=V iélf'y [AtQ? + [bt@t + R + diZy + €t] Qt] 5 (94)
t

where

b = (o + Bo)Me + 2Gy — aphidy; & =L — 24\ Jy;  dp = My — ag\Ny; & = Hy — aghi Ly

(95)
Therefore, Eq. (94) attains the infimum at the optimal execution speed:
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Qf = — Ot & Qt)\ TG =t at + bQy + et Ry + di Ly, (96)
t
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Since this equation holds for all states, the following conditions must hold:

| 1 b?
— G+ 5v(07)? =7 ol of My + (o] )M} — - = 0; (100)
2 2 40
. bié
— Hy+ pf = af My = ~yp?Tof of Vi + (o ) MYs = - = 0; (101)
t
. by
— Iy — p+ ply = 7" ol o] Ny + (07 ) M N; — ;T\t = 0; (102)
t
Ji 4 2pJs + S(oT)2NZ — & _y, (103)
t 10 t 27 Ut t 4)\t )
ctet
— L+ pLy - Nt+’Y(Ut) NiYy — o =0; (104)
t
- T bedy
—Mt+1+tht—2’Yp O't (o Xt+2’}’(0't) MtXt—KIO, (105)
t
T Ctdt —_0.
—Nt—FpNt—i-b Nt+2’y(0't) NtXt 2)\ —O, (106)
t
. 42
— X + 20T X + 29(0)2X? — j = 0; (107)
t
d
— Y, — 2T X, + bLY, + 29(oL)2 X, Y, — ;;t = 0; (108)
t
: Ap) 1 T\2v2 €t2
— Ky —ai Yy — (07)* X + 57(0f )7V — =0, (109)
2 4N
with the terminal conditions:
GT:_XT; HT:IT:JT:LT:MT:NT:XT:YT:KT:O. (110)

By substituting the dynamics of by, ¢, dy, € into the condition derived above and rearranging, we
obtain a system of ordinary differential equations consisting of G, Hy, Iy, Jy, Ly, My, Ny, Xy, Yy, K.
O

B Matrix Representation of Optimal Execution Strategy

We show that the optimal execution problem considered above can be rewritten with a matrix
representation. The matrix representation allows us to clearly understand the relationships between
state variables and also prevails the interaction of the deterministic functions of time (expressed the
equations from (100) to (109) explicitly. Then we can examine a set of weak sufficient conditions
satisfied by the system of ODEs with more ease than directly carrying out the analysis of equations
from (100) to (109). In the following, as in Section 3, we assume that the optimal value function is
of the form (34) in C%2.

B.1 State Process: Revisited

Let us first redefine the state process. Based on the argument in Section 2, the dynamics of the
state process is reformed in the following stacked form:

dW; —(P; + /\tQt)Qt 0 0
dp; —pRy + (o + B)MQu + i af 0 ABZ
ds; = | dQ, | = —Q: dt+]10 0 < q Bg)
dR; a\Qy — pRy 0 0 ¢
dIt atI - thIt 0 Ulfz
=: p(8¢, Qr)dt + X d By, (111)
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where

(P 4+ AQ¢) Qs 0 0
' (ar + Br) M Qs —pRi+1; + 4 _ of 0 N AB?
pi(se, Q) = —Qy ;o Xy=10 0 [; dB;:= (dBtI>
—pRy + M@ 0 0 !
ay — thIt 0 O'tI

We can rewrite dB; with a Brownian motion orthogonal to Bf, denoted by B, as

~ dBtZ _ 1 0 dBtZ B
dB; = (dB{) - <pZI 1— (pz,1)2> (dBtZJ_ =: pdB;. (112)

Plugging Eq. (112) into Eq. (111), we have
dsy = pe(se, Qr)dt + Sypd By = pe(sy, Qo) dt + £ dBy, (113)
where ; := 5,p € M>2(R).

B.2 HJB Equation: Revisited

We next redefine the ansatz of the corresponding value function. From the dynamic programming
principle, the optimal value function, V' [t, st] =V [t, Wy, Py, Qy, Ry, It] , with the terminal condition:

V[t) St] = V[Tu Wtapta@taRtvl-t] = —exp{ - V[Wt - (Pt + Xt@t)ét} }7 (114)

satisfies the following HJB equation (or dynamic programming equation) for the optimal (policy)
function Q:

sup [atv (50, 00TV + mte <2T633Tvz)} =0, (115)
QeR 2

Here (s, Qt) also has another description associated with Qy:

(st Qt) = <—AtQt2 + (©1s: + ‘I’t)Qt + (ILs¢ + \I;)) ) (116)
where

At 0 -1 0 0O 0

0 0 0 000 (e + Be) M
At = 0 3 6,5 =10 0 0 0 0 ) Qt = —1 3

0 0 0 0 00O I

0 0O 0 0 00O 0

0 00 O 0

0 00 —p 1
II, =10 0 0 O 0

0 00 —p O

0 00 O —b

Putting Eq. (112) and (116) together with Eq. (115) yields
. AT 1
sup [(—AQQ +(©s+ <I>)Q) asv] +OV + [Ms+¥)" 0,V + v (zTassTvz) —0.  (117)
Q€ER
We can then derive the matrix representation of the optimal execution strategy and its associated

value function explicitly by appropriately guessing the form of the value function and verifying the
obtained solution.

32



B.3 Matrix Representation of Execution Strategy and Value Function

Theorem B.1 (Matrix representation for optimal execution strategy and optimal value function).
If the solution to the system of ODEs given by Egs. (119) to (121) uniquely exists, the following
statements hold:

1. The optimal value function V[t, st] at time ¢ € [0, 7] is represented as follows:

Vt, st = —exp{ —'y[stTQtst—l—Ftht—i—Kt]}, (118)
where
0 0 0 0 0 1
0 0 -1/2 0 0
Qt — 0 —1/2 Gt 1/2[t 1/2Mt 3 Ft = Ht s
0 0 1/21; Ji 1/2N, L,
0 0 1/2M; 1/2N, Xy Y,

with the terminal conditions:

0 0 0 00 1
0 0 —1/2 0 0 0

Qr=[0 -1/2 —xr 0 0| e M’(R); Tr:=|[0]| R’ Kr=0,
0 0 0 00 0
0 0 0 00 0

and Gy, Hy, Iy, Jy, Ly, My, Ny, Xy, Yy, K for t € [0,T] are the ones defined in Section 3. The three
time-dependent functions, €;, I';, Ky, are determined by the following siultaneous differntial
equations:

: 1 1 1 i
Qt = Q: (2’)/21522— — Qt‘p;) Qt - Q;r <Ht + <I>tI‘;rGt> — <Ht + @J‘:Gt> Qt

)\t 2)\t 2At
1
I — T/ (21@6?) T, — (Hj _2QEE] + Aintcbtcpj ) T, — 20,0,; (120)
t t
. 1 1
Ky == @L0) —¥[T; + ST/ SET, —tr (2} Qt2t> . (121)
t

2. The optimal execution speed at time ¢ € [0,7], denoted as Q;", becomes an affine function
of the remaining execution volume @,, the cumulative residual effect R;, and the Markovian
environment 7; at time ¢:

1 _
Qi = fi(st) = 2y {(Q‘I’tﬂt + F:9t> St + ‘D:Ft} (= at + biQ, + ct Ry + diZh). (122)
where ag, by, ¢;, d; are the ones defined in Section 3.
Proof. Writing the ansatz (91) in matrix form yields Eq. (118). Here we have
OVt s] =Vt s {—vs Qs+T s+ K};
04V [t 5] = V [t, 5] {—1[225 + T]};
DssV [t,8] = V [t, 8] {—7[2Qs + T{—y[2Qs + T} ' + V [t, ] {—[2]}
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Thus, by substituting the above equations into the HJB equation (117), we obtain

sup [(—AQ2 + (©s + Q)Q)T Vt, s]{—7[2Qs + I‘]}}
QEeR

+ VIt 8] {lsQs + s + K]} + (Is + )7 V[, 8] {205 + T}

4 %tr (27 [VIt sl{-120s + T} {—[20s + T} + VIt sl{—[200}] £) = 0.

Rearranging the equation results in

sup Vit s)(—) | (407 + @5+ 2)) " {1205 +T)]
QEeR

+ V[t 8] {—’y[sTQs +Ts+ K} + (s + %) VI, s]{—v[2Qs + r]}

4 %m« (87 [Vt sl{ (208 + T)} {—1[205 + T} + V[1. s]{—[20]}] £)

— sup V1t, s](—) [— (zATQs + ATP) 02+ (@5 + @) [20s + r]Q}
QER
+ Vt, s](—y) [STQS AT s+ K+ (s +®) " [2Qs + T
+ %(—’y)tr (ET [—7[293 +T20s + F]T] 2+ 57 [20] 2)] =0 (123)

The first-order condition becomes
2 (zATQs + ATP) O+ (0s+ @) [20s +T] = 0.
Therefore, the optimal execution speed is

1 1
@ =33, = on

In the derivation of the optimal trading speed, we have used the following facts:

L. AJQ =0¢e MY (R):

(sTeT + q>T) 2Qs + T ((mm + rTa) s+ @Tr) . (124)

0 0 0 0 0

o 0 -1/2 0 0
Al =N 000 0|0 —-1/2 G 1/2, 1/2M;|=(0 0 0 0 0);

0 0 1/2L, J  1/2N

0 0 1/2M, 1/2N, X,

2. 0/Q =0 e ST (R):

0 0000\ /0 0 0 0 0 00000
-1 0000O0|f0 0o -1/2 0 0 00000
e/%=|0 0000[|0O -1/2 G 1/2, 1/2M;|=[0 0 0 0 0
0 00o0O0f{0 0 1/2, J  1/2N, 00000
-k 0 0 0 0/ \0O 0 1/2M; 12N, X, 00000

These relationships make the optimal execution speed an affine function of the state process. Then,
Eq. (123) becomes

VIt sl (—7) 5

VIt 8] (=) [sTQs AT st K+ (s +0) 205 + 1‘]}

((2<I>TQ + rTe) s+ @Tr) ’

+%v it s] (=) [tr (ET [—7[298 +T[2Qs + P]T] 2+ 27 20 2)} = 0. (125)
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Here we have
tr (ET [—7[293 +T[20Qs + P]T] 2+ 22%2)

= ytr <2T[zas 4 T)[20s + P]Tz) 4 2tr (ETQE)

= — yir ([293 +TTEST 208 + r]) +otr (ETQE>

€R
= — 4[2Qs +T] S8 [2Qs + T + 2tr (zmz)

— 45 QRS Qs — 2T TES Qs — 295 QES T — AT TSR T 4 26r <2TQE) .
Substituting this equation into Eq. (125) and rearranging yields

O+ Q) <>\t¢t¢2— s > Q+Qf <Ht + 5@l et> + (Ht +

-
S¢
At

1 T 1
2)\t<I>tI‘tT6t) Qt + m@:FtI‘ZGt St

- 1 1 ’
+ |:Ft + I‘;r <2/\t¢t62—> Ft + (H;r - Z'yQtEtE;— + MQ#I%@:) I‘t + 2Qt\I’t:| St

. 1 1
+ |:Kt + K (<I>t1‘t)2 + \IltTI‘t - ?yI‘tTEtEtTFt + tr <2;I—Qt2t>:| =0.
t

Therefore, for the above equation to be satisfied for all s; € S, the following three equations must
hold:

1. with respect to Q; € S3(R):

) 1 1 1 ’
Qt = QtT <2’}/2t2; — A@,g@j) Qt - Q;r (Ht + 2)\<I>t1"tTet> — (Ht + 2)\4)15]:‘;6,5> Qt
t t t

1

2. with respect to I’y € R®:
Iy=-T/ (;\‘I’tej) T - <HtT — 2953/ + th‘I’t‘I’tT> Ty — 20,9y (127)
¢ ¢

3. with respect to K; € R:

1

A
t 4

|
(@L0)” — /T, + ;10 ST — tn (23 Qt2t> . (128)

As these equations show, the relationships which €;,T;, and K} satisfy are represented by a system
of matrix Riccati equations. If the solution of Q; and I'; is unique, then K; are also determined
uniquely by integrating Kj:

t
Kt:/ stS,
T

combined with the terminal condition: K7 = 0. ]

35



B.4 Representation of MRDE
Calculating ©,/ T'; yields

0 —-10 0 0\ /1 0 000 0\/1 0

0 0 000 0 ~100 000 ~1
e/T,=|0 0 0 0 0 H|=|0 0o0o0o0||H|=]0]cRrR.

00 000 Ly 0 000 0]]|L 0

00 000 Y; 0 0000/ \v 0

(129)

Therefore, the vector ©, T'; becomes a one whose elements are all constant and so does the matrix

©,/T\I'/ ©,. Therefore, Eq. (126) boils down to

Q=-C - Q/B, - B/Q, + Q] AQ,,

where
1
A =228 — 7@@{
t
0 0 0 0 0
0 29(07)? — (e + Be)* M (cu+B) —au(ar + BN 2yp?Tofot
=10 (at + Bt) W oy 0 655(R);
t
0 —oy (o + Be) M oy —ai\ 0
0 2vp?tof ol 0 0 2y (o)
0 0 0 0 0
1
0 _i(at‘i'ﬂt) 0 —p 1
1 1
B, :=II; + —®I/6,= |0 — 0 0 0 |eM®R);
0 —gm 0 —p 0
0 0 0 —bvf
0O 0 0 00
1
1 0 W 0 00
o TrrTa, t 5
Cii= O/TT[6:= | o' ¢ o o] €SIR),
0O 0 0 0O
0O 0 0 00O

and A;, B; and C; are all constant matrices (in time ¢).

C Proof of Theorem 3.2

(130)

(131)

(132)

(133)

By the Cauchy-Lipschitz theorem, there exists a unique solution to the system of ODEs from (100)
to (109) with terminal conditions (110) defined on an open interval (¢,¢), where T is included in
the interval. To show the existence of the solution to the system of ODEs for [0, 7], we will rely on

the following theorem:

Theorem C.1 (Theorem 3.6, Freiling [27]). Consider the following Hermitian (or symmetric)

Riccati differential equation (HRDE):

Py = —A;P, — P,A; — Q + PSP,
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with the terminal condition P, = Py. Let 4;, Q; = Qj, S; = S} € M"(C), i = {1,2}, be such that

Q1 Ay Qt Ay QQ Ay
(A’{ —51>§<A: —St>§<A; —S;>’ (135)

for ¢ <ty for some t; € R. If there exist hermitian matrices P, P, with
P < Py < Py, (136)
and

AP — P — Qi+ PS40 fori=1 (137)
il 14+ 1 (et 2l 2 ZO f0r2:27

then the solution P; exists for ¢ < t;. Moreover,
P <P <Py, (138)

for ¢ <t;. Note that in this theorem “+” indicates the conjugate transpose of a matrix.

We examine the case that p%Z = 0 and that the paremeters are time-independent: A = Ay,
B = B;, C = C;. In the following, we will search for an upper and a lower bound (and time-
independent) matrix of the MRDE (130).
Upper bound for MRDE

Let us first seek for an upper bound € of the MRDE (130). Let

0 0 0 0 0
0 29(0”)* = (a+B)’A (a+B) —ala+pB)A 0
A=o (a+B) % a 0| esim), (139)
0 —a(a+ B)A o —a?\ 0
0 0 0 0 0

and B = B and C = C are all constant matrices (in time ¢). Then we have

0
C B C B \0,, : 0
(BT —A) - <BT —A> = 9x9 . € Sy (R), (140)
0 - 0 2y(c%)?
so that we have
GEVNCEN

We guess that an upper bound matrix Q takes the following form:

€ S°(R). (142)

<l
Il
O O O OO
OOO[gO
)
O O O OO
OEOOO
=~
o O O O

W55
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We start our analysis by investigating when the set of parameters (w2, wsq,wss) € R3 satisfies the
right inequality in the condition (136). Since

0O O 0 0 0
0 w29 1/2 0 0
Q-Qr=10 1/2 xr 0 0 | eSR), (143)
0 0 0 waq4 0
0 0 0 0 wss
the following three conditions:
: >0+ > ! (144a)
_ - . a
XTW22 1= w22 2 4XT’
w44 > O; (144b)
wss > 0, (144c)

must hold.
We proceed to examine an additional condition for the set of parameters (wa,was,wss) € R3,
imposed by Eq. (137). By a simple calculation, we obtain

-B'Q-0OB - C+QAQ
0 0 0 0 0
flwe) 0 g(wa2, waq) )
0 0 0 0 € S°(R), (145)
g(wao,wag) 0 —a2Mw?, + 2waup 0
—Ww22 0 0 2bZOJ55

o O o o

where

flwn) =k (27 (07) = A+ B)) +wmla+B) — 13

Wy
g(wa2, waq) = —woowasa(a+ ) + % + wa2p. (147)

(146)

In the proof of the existence of an upper bound for the matrix (130), we assume that:

Assumption C.1. The problem parameters (a, 3, ), vy, 0%) satisfy
27(6%)? — (a + B)*A > 0. (148)

Under this assumption, we seek for the condition for the matrix (145) to be positive definite as a
sufficient condition. The definiteness of the above matrix (145) is the same as that of the following
matrix:

1 aw
w%Q (2’}/ (UZ)2 - A (Oz + 6)2) + WQQ(Oé + 5) — E — Qw9244 (Oé + 5) + #44 + wo2p  —w2

aw 3
—awgaway (0 + B) + ?“4 + waap —a2Aw?y + 2waap 0 € S°(R).

—W929 0 2[)20.)55
(149)

To assure that the matrix (236) be positive-definite, the following three inequalities:

2 1
w§2 (27 (O'Z) —Aa+ 5)2) + wa(a+ B) — o > 0; (150a)
—a?Xw?y + 2waap > 0; (150b)
2% wss > 0. (150c)
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necessarily hold. From the condition (150b), we obtain the range of wa4 as follow:

2p

Therefore, we can express wyy using a parameter € € (0,2) as

Ep
= 152
Wi = oy (152)
By setting wyy = Zp/(a?)\), we can rewrite the matrix (236) as follows:
2 1 ela+p g
w3y <27 (%) *)\(Oé+5)2>+w22(a+5)*ﬁ w22,0{1 ( ) )}+2ap)\ —Ww22
U= ela+pB) ep 2.
w22p{1 Y } + 2a\ ﬁ(%_?) 0
—w29 0 QbZW55
(153)
Therefore, if
2 ~ 2
P or =2 7\2 2 2 [, Ela+h)
a2)\(2€ 5 )(27(0 )" = Ao+ B8) ) > p {1 » , (154)

>0 (by assumption)

holds for some £ € (0,2) with the fixed problem parameters, the determinant for the 2nd naturally
ordered principal minor of the matrix (238), denoted by U?2, becomes positive-definite by choosing
woo sufficiently large such that

2
|U22|:ﬁ(2g_g2) {wgg (27 (05)2_)\(@—1—5)2)—|—w22(a—|—5)_41)\}
N ~ N2
_<mw{1—dz§m}+;£):>a (155)

holds. Eq. (154) is rewritten as

gz{@_;) (ﬂ)w}{(ﬂ><ﬂ><>}

(156)
Let J(€) be the left hand side of Eq. (156). Then we have
J(0) =-1<0; (157)
_ 2(a+ B) 2
ﬂm_—<y-w\) <0. (158)

Therefore, we must have the following two conditions for Eq. (156) to hold: (i) the negative coetfi-
cient of the quadratic term; (ii) the (strict) positivity of the discriminant for J(¢). (The graphical
image is illustrated in Figure 12.) Thus, we have the following two equivalent conditions:

()\ - i) (a+ B)? < 2y (UZ)2 ; (159a)

b, BN = ha(c, B)X + 27 (07)” ha(e, B) > 0, (159b)
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-1

2
Figure 12: Graphical image of f(w22). In this figure, we show the case that (1 — %) <1

where
(an8) = (ot 9 fata+ 6) + 38| (>0 (160
ho(a, B) = oo+ B) + 2y (JZ)2 (a+B)2 +7 (02)2 o? (>0); (161)
hs(a, B) = a(a+ B) + 7 (c7)° (> 0). (162)

We should note that condition (159a) is obtained by the discreminant times aA\2/8 (> 0). Eq. (159a)
is satisfied under the assumption that 2y(c%)? — (a + 8)?X > 0.

Also, if this condition is satisfied by parameters, we obtain our desired result since the determi-
nant of the matrix (236) is calculated as

2
U| = 20 wss[U%2| — (wn2)?—2

28 — 22 163
a%t(e ), (163)

and we can choose wss sufficiently large so that the R.H.S. of the above equation becomes positive.
From the above argment, if we choose woo,wyq, and wss as wWoo, wWyq, and wss such that these
satisfy conditions (154), (155), and (241) hold, the matrix

0 0 0 O 0
0 oy O 0 0
Q=10 0 0 0 0 (164)
0 0 0 Wy 0
0 0 0 0 wss

becomes a upper bound matrix and satisfies the conditions in Theorem C.1: Q; < Q for all ¢ € [0, T'].

Lower bound for MRDE

We next examine a lower bound matrix for {€:}o<i<7. To this end, we first investigate a lower
bound for the optimal value function, which is a key ingredient of determining the lower bound
matrix.

Let us first define a set of substrategies {Qs}t<s<1 by

Ay = {{Qs}tg SST‘{fs}tS s<r—adapted process with a continuously differentiable path,

Q= /0 t Quds}.  (165)
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For any suboptimal strategy {Ql}tgng, we have

swp  E[—exp {7 [Wr — (Pr — x1@0)1]}| 7]
{Qshi<s<rEAL

T o T .
> E |:_ €xp {_7 |:Wt - / (Ps + )\sQl)QldS - {Rﬁ /t {(BSASQI; +Is)d3 + dRs + dZs}
t

+
oo [} [ )]}

where {Ql}1<.<7 satisfies
Ql=Ql+ [ Gl o )= Glar (167)
t

Under the (suboptimal) zero-trade strategy 0 = {0}i<s<7 € A" the R.H.S. of Eq. (166) is
rewritten as

T . . T .
E [— exp {—7 [Wt - / (P, + 2010l ds — {Pt + /t {(BSASQZ +Z,)ds + dRs + dZS}
t

ol [ e} a- [ @)
—E [—exp {—’y [Wt - {Pt + /t (Isds +dR, + dZS> + XTQt} Qt} H J-"t]

= —exp {_7 {Wt — PQ, — x7(Q)* — (1 - eip(Tit))@th} }

T
x E [exp {—*y [— {/ Zsds + (Zr — Zt)}Qt] }‘ft} , (168)
t
where we have used the fact that Ry = 0 and
T T )
/ dR, = Ry — R; = / e PT=)q \,Qlds — R,
t 0
t . T .
= ¢ A(T1) / e PT=9) A, Qlds + / e PT=)a A,Qlds — R,
0 t
—(1—e TR, (169)

By stochastic Fubini theorem,

T T s
/ T.ds :/ / al BT (u, s)duds + </ Bx(t,s ds) T+ / / B%(u,s)dsdBE,  (170)
t t t t

holds. Therefore, we can rewrite the last term of Eq. (168) as
—exp {7 [Wi = PQ, = x2(@))? = alt. 1)@, — (1 =T~ Q, R — b(t, 1) QT |

x E [exp {—'y [— {/tT S(u, T)dBE + (Z7 — Zt)} Qt] H ]-"t} : (171)
where
a(t,T) == /t ! /t ) al BT (u, s)duds; (172)
b(t,T) = /tT BL(t,s)ds; (173)
T
S(u,T) = a{;/u BT (u, s)ds. (174)

"Using the zero-trade strategy is similarly employed in, e.g., Bergault et al. [9].

41



From the independent property and normality of increments of Brownian motion, we have

ol LA swmsca-ofal)
& [exp {_7 [_ {/t &(u, T)dBL + (Zp — Zt)}Qt] H

— o] - [-@Pve. 7]} (175)
where
T T
V(t,T) =V {/ S(u, T)dBE 4 (Z7 — Zt)} = / S(u, T)*du+T — t. (176)
t t
(Here we use the assumption that p©# = 0 and Ito isometry.) Note that

E [’y {/tT S(u, T)dBE + (Zy — Zt)} Q, ]—“t] = QR UtT S(u, T)ABE + (Zy — Z;)| = 0. (177)

Therefore, Eq. (166) is rewritten as

sup E [—EXP {—’Y [WT - (PT - XTQT)@T]H ‘Ft]
{Qshi<s<r€AL

=VIt, 8] = —exp { — ’y[stTQtst —i—I‘tht + Kt]}

> —exp {_7 |:Wt - Pt@t - (’YV(t’ T) + XT) (@t)Q - Cl(t, T)@t - (1 - e—p(T—t))Qth - b(t’ T)@tzt] }

= —exp {—fy [s:Qtst —I—L;rst] } , (178)
where
0 O 0 0 0
1
0 O 5 0
1 (1—e M=y p(t,T)
Q=0 —5 ~(OWET) +x7) - 5 ——5 € S°(R); (179)
(1 — efp(Tft))
0 0 ——— 0 0
T
0 0 _bT) 0 0
2
1
0
L/ = | —a(t,T) | € R (180)
0
0

The inequality in Eq. (178) must hold for all s; € S. Thus, we must have
Q >0, (181)
since the inequality implies that s, Q;s; > s/ Q,s; < s/ (Q — Q,)s; > 0. Note that the state

variables s; span the whole space of S as support when, for example, ); is a white noise for all
t €0,7).
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Motivated by this preliminary investigation, we guess that a lower bound matrix, denoted by
Q) is given by

0 0 0 0 0
0 0 -1/2 0 0
Q=10 —1/2 w33 W34 wss | € 85(R). (182)
0 0 w3y wag O
0 0 w3s 0 w55
We set A=A, B=B, and C = C. Then, we have
C B C B
<BT A) - <BT N A) =0 e 5"(Ry), (183)
and
-B'Q-0B-C+0QAQ
0 0 0 0 0
00 0 0 0
0 0 ll lQ l3
= W34\ 2 W34 € S5(R), (184)
0 0 ly 2wgp—A (aw44 — —) w35 (aw44 - —)
A A (35
w w
0 0 I3 w35 (OtW44 — TM) QbZW55 + 27 (O’I)2 (w55)2 — i::)
where
1 2 T 2 1 VA 2 1 2 1
l1 = 50@34 (o + B) + 2ywis (U ) + 57 (a ) — ZA (a+B)" — §w33 (a+ )
1 1 w33 2 1
+ w33 | awsg — 50[ — 55 — T +wsq | — )\UJ34 + awss + 50& (Oé + ﬁ) (185)
1 w 1
I = 5 wad (a+ B) + wss (OM44 - 734) +ws4p — w34 (a+5)
1
+ wsyg (—aZ)\w44 + OJW34) - 5/); (186)
1 1
I3 = awsawss + brwss + 2yw3swss (UI)2 — Qw35 (a+8)+ 5 w33>\w35 (187)
Substituting was = wsa/(cwA¢), we have
[T e
~ 2
A 0 | es®, (188)
I3 0 2b%wss + 2 (‘TI)Q (wss)? — (W?f)

where

~ 1 1
b= wysala + B) + 29w () + v (07) - M e+ B) —wss (a+ ) + wss (aw34 - @)

2 A
+ wig (—a*Awzs + awss) ; (189)
~ 1 1 wag (o +
lo = wap — gwsa (a + B) — op+ ST (2/\ B); (190)
~ 2 1 1 wsisw
I3 == awsggwss + brwss + 2 (07) " waswss — 5(04 + B)wss + 3~ 33/\ % (191)
From the lower bound for the optimal value function, we guess that
1
wya < = (1—e Ty, (192)
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From this insight, by substituting wss = —1/2 (and thus wgs = —1/2(a:\¢)), we have

1 1 ~
I Z(CH‘B) <1—)\> —P 1y
1 1 p 3
L=|- 1-<) - - €57 (R),
4(‘”5)( )\> P ax 0 (®)
2
1 0 2b% wss + 2 (UZ)2 (ws5)? — (wis)
(193)
where
1 1 1 1 1 1
7. 71a2>\ — jows — 5a (a4 B) + 2ywis (JtZ)Q + 57 (02)2 _ Z)\(oz +B)% — §w33(a + )
1 w33
rom (~a=39- )
1 2 7\ 2 2 1 Z\2 1 2 1
— —X(wgg) — (2a + B)wss + 2v (J ) (w35)” + ify (a ) — Za A\ — ia(a +5)
1
— Z)\(oc—i-ﬁ)z; (194)
1 2 1 1 wssw
1= T OWss F brwss + 27 (07) waswss — 5@35(04 +68) + 57 33)\ =
1 1 1
= W35 —*a+bI+2’7 (O’I)QW55—*(Q+,B)_@ + —. (195)
2 2 A 2
For the matrix L to be negative-definite, we require that the matrix L= —L be positive-definite.
We here set w35 as zero. Then, Egs. (194) and (195) are rewritten as
1 1 2 1 1 1
I = _X(w?’?’)Q — 2o+ flwss + 57 (07)" - 1042)\ —gala+B) = JA(a+ 8)%; (196)
1
=2, (197)
2
respectively. If the following two inequalities:
~1I? > 0;
2 198)
Sty (P 1 1 (
(8)> fhen (1-4) o)
) (5) > {3ern(1-3) -7}

hold, the 2nd naturally ordered principal minor of the matrix f;, denoted by i22, become positive-
definite. To examine these two conditions, we assume that p > 0. The conditions (198) are
summarized as

T2 = <—i§b>—“j{i<a+m (1—1) —p}2 > 0. (199)

Therefore, by choosing

(2a + B)A + 1/ (2a + B)2A2 + 4hp

wyz < — 5 (200)
where
1 1 1 1 A (1 1 2
Q= 37 (02)2—4042)\—2a(04+5)—4)\(04+5)2+0j0{4(044-5) <1—/\> —P} ) (201)

the matrix L becomes positive-definite when (2a + 8)2A2 + 4\¢ > 0. Note that in the case that
(20 + B)2AZ + 4)p < 0, Eq. (199) holds for all wss.
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Using the determinent of i22, the determinant of L is calculated as

L) = (—26ess — 27 (07)” (wss)?) 1L = 25 >0, (202)
4a
If we choose wss from the following interval
bI
————— <wss <0, 203
2 (07" 209

and w3z as a sufficiently small value, |i\ becomes positive, since |ﬁ22\ is a quadratic function
regarding wss with the coefficient of quadratic term being positive.
Adding to the above condition, we also must confirm the condition that

0 0 0 0 0
00 0 0 0
1
Qr-0=|0 0 —Xxr—ws > 0 | esSi(m), (204)
1
R S N
0 0 0 0 —Ww55

be positive-semidefinite. By a similar argument as explained so far, it is sufficient if the following
conditions are satisfied by w33 and wss:

—X17 — w33 =0 (205a)
1 1

> 205b

20\ (—xr —ws3) — 4 ( )

—Wws5 > 0, (205C)

for this matrix to be positive semidefinite.
Summarizing these insights, we conclude that by setting wss as w33 and wss as wys such that
the following conditions:

A 2 A 2 2)\Z — 4\
w33<mm{_XT_0;’_(a+ﬁ) +¢<2a+5> 90}; (206)
bI
—— <wss < 0; 207
2y (0% 207
(—2%ess — 27 (07)* (wss)?) [L%2] - 2 (208)
4o\’
hold, the matrix
0 O 0 0 0
0 O —1 0
1 2 1
Q=10 5 Wi 5 0 (209)
N R
2 2a\
0 0 0 0 Wrs

becomes a lower bound and satisfies the conditions in Theorem C.1.
For the case that p = 0, we obtain a similar lower bound for RMDE (130) by setting wss =
wqq = 0.

Existence of the solution to the MRDE

Combining the above examination about an upper bound and a lower bound (matrix) of €, for
t € [0,7] and Theorem C.1, there exists a unique solution for the MRDE (130). O
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D Proof of Corollary 3.2

The derivation of Eq. (66) is similar to that of optimal execution speed (46) with the ansatz of the
optimal value function (69). We show that Eq. (67) holds from Eq. (66). If the unique solution of
the system of ODEs exists, ay, by, and d; are all continuous functions defined on [0,T], and thus are
bounded on the domain. Also, {Z;}o<¢<7 is a generalized OU process, and thus is also a centered
and continuous Gaussian process. Therefore, E[supcp ) Zt] is finite (Nourdin [56]), implying that
supyeo,7) Z¢ 1s finite a.s. Since

dQ, = —Qudt, (210)

by stochastic integration by parts, Eq. (67) can be rewritten as

Qr = ar + b Q, + &Ly <= (Q — b,Q,) = ar + di Ty
t7 - ~ —_— t7 ~
= —clo bads(Qy + 0,Q,) = elo b2ds (G, + d,Ty)

t7 p— t u 7 ~
= ehbdQ, =0 - / {efo bl (G, + dqu)} du
0

t7 t t7 t t7 ~
= Q, = Jobdsg +/ (—efu ”ldl) Gudu + / (—efu blC”) dyTudu. (211)

0 0

O]

E Proof of Proposition 3.1

A similar calculation for solving ODE (66) results in

. t ~ t o
E[Q,|F,] = e~ Johdlgy / e Jubidlg, dy 4 / e~ Jubdl g B[T,|F,ldu
0 0

— o S bl <e_ Is Blde + /S e Ju Bldldudu + /S el BlleuE[Iu|fs}du>
0 0

t B t o
n / e~ Jubidig, dr 4 / e~ Ju bl BT, | F,]du

s

- t -
o IRy < [ o e badmczudu) 7,

t . t _ t
+/ e_ﬁjbldldudl—l—/ e~ Jubidl (/ a%ne_f;b%dkdm> dydu, (212)

where we use Fubini theorem in the first equality and the fact that for all 0 < s < u,

u
E[Z,|Fs| = e~ J; bngmIS —I—/ afne_ Jm Ve kg, (213)

S

For the derivation of conditional covariance, define

t ~
A(l,t) = of / BZ (1, u)B(u, t)d,du, (214)
l
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and assume that 0 < s <t <wv <T. Then we have
r t v

Cov[Q;, Q,|Fs] = Cov / Ql(l,t)dBlZ,/ m(m,v)dB}n‘ }'S]
LJo 0

r t t v
— Cov / 2A(1, )dBY, / A(m, v)dBE + / gt(m,v)dB;’n‘fs]
S S t

r rt t t v
= Cov / 2A(1,t)dBE, / Ql(m,v)dBfl‘}"s} —|—Cov[ / 2A(1,t)dBE, / 2A(m,v)dBE,
s s s t

7
|
=F [/:m(z,t)dB,I /St m(m,v)dB};’fs] + Cov [/Stm(l,t)dBlI,/tv m(m,u)dB}n‘fS]
:/Sth(l,t)Ql(l,v)dl. (215)

The last equality stems from Ito isometry. O

F MRDE (130) when p =0

As in the above case, we set wy4 as zero. In this sense, Eq. (145) becomes

0 0 00 0
0 (27 (02)2 —Ma+ 6)2> w§2 +(a+Blwa—7zx 0 0 —wa .

=1lo 0 00 0 € S°(R). (216)
0 0 00 0
0 —w99 0 0 2btwss

We separate the following arguments in three parts: (i) 27(0%)? — (o + B)%\ = 0; (ii) 2y(0%)? —
(a+ )%\ = 0; and (iii) 27(0?)% — (o + B)?X < 0.

F.1 In the case that 2v(c%)? — (a+ 5)?A =0

In this case, we have

~-B'Q-0B-C+QAQ
0 0 0 0 0
1
0 (Oz-f-ﬁ)OJQQ—ﬁ 0 0 —woo
=10 0 00 0 € S°(R). (217)
0 0 0 0 0
0 —Wao 0 0 2blwss

If we choose w9y and wss such that the following three conditions:

1
- >
(o + B)waz o2 0, (218a)
26T wss > 0, (218b)
1
2T wss {(oz + Bwaa — 4)\} > Wiy, (218¢)

hold, the matrix (217) becomes positive semidefinite. From condition (218a), we have

1

wag > m- (219)
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QbI(a + Bwss (< wi)

w22
Wiy = bF (a4 Bwss + \/(bz(a + B)wss)? + bTwss /2)

region

. 20 wss
4

Figure 13: Graphical image of the range for ws2. In this figure, we show the case that m < ﬁ.

We also have wss > 0 by condition (218b). From condition (218c), we must have

2 T QbIW55
wiy — 2 {b" (a + B)wss } waz — o <O (220)
For wys to exist, it is enough that
1 1
— < ZbI(a + Bwss <= Ty S Wss (221)
d(a+ A 8bL(a + 3)2\
holds. In addition, ws5 must also satisfies
1
o S Vet B + V(6 (@ B)uoss)? + bPuss /2. (222)

This conditions is satisfied for wss > The graphical image is shown in Figure 13.)

1
Wi
Therefore, if we choose ws5 as ws5 such that

_ . 1 1
Wss = mm{8bz(a+5)2/\’ 4bI(a+B)xT}’ (229)

and wgg as wyo such that

{ 1 1
max ,
4(0[ + /8))\ 4XT

holds, Eq. (217) becomes positive semidefinite and Q satisfies Q7 < Q. This result indicates that
Q; < Q holds for all t € [0,T].

} < Wy < 2bIﬁw55, (224)

F.2 In the case that 2v(c%)? — (a+ 5)?A > 0

In this case, we must choose wso and wss such that the following three conditions:

(27 (UZ)2 — Ao+ 6)2) Wiy + (a + Blwas — % > 0; (225a)
26T w5 > 0; (225b)
2% wss {(27 (JZ)Q —AMa+ B)2> w%Q + (a0 + B)waz — 41)\} > w§2, (225c¢)

hold for the matrix (216) to be positive semidefinite. From condition (230a), we have

—(a+8) + V(a+ )2+ (2v(e?)? = Na + 6)?) /A
2(29(07)* = Ma+ 5)?)

wag > (> 0). (226)
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From conditions (230b) and (230c), we must have wss > 0 and

26T wss { (27 (07)? = Ao + 6)2) Wiy + (a4 B)was — 4&} — w3, > 0. (227)

If we choose wss such that

1
207 (29(07)? = Ma + §)%)

2W7wss (29 (07)" = Mo+ 8)?) > 1= ws > (228)

holds, Eq. (232) is satisfied by a sufficiently large way since the L.H.S. of Eq. (232) becomes a
quadratic function of wee with the coefficient of quadratic term being strictly positive. Therefore,
if we choose wgo and wss as woo and ws; such that the following two conditions:

—(a+B8)+V(a+8)2+ (29(0?%)? = Ma+8)?) /A | .
dxr’ 2(2v(0%)2 — XMa + B)?) ’

W92 > Mmax {
(229)

26" W5 { (27 (07)" = Ao+ /3)2) W + (v + B)was — 4&} — W >0,

are satisfied simultaneously, Eq. (216) becomes positive semidefinite and Q satisfies Q7 < Q. This
result indicates that Q; < for all ¢ € [0, 7.

F.3 1In the case that 2v(c?)? — (a+ 3)?A < 0

As above, we must choose wos and wss such that the following three conditions:

(29(6%) = Ma+ 8)?) why + (@ + BJwsz — % > 0; (230a)
2b% w5 > 0; (230b)
26T wss {(27 (02)2 - Ma+ ,8)2> w3y + (o + Bway — 41/\} — w3y >0, (230c¢)

hold for the matrix (145) to be positive semidefinite. From condition (230a), we have

(0+8) ~ VAP __ (a+8)+ VBN 1)
2{Ma+B)* = 2v(c%)?} 2{Ma+B)? — 2v(c%)?}
From conditions (230b) and (230c), we must have wss > 0 and
1
2 wss {(27(02)2 — Ma+ B)?) wiy + (o + B)was — 4)\} > wi,y. (232)
Therefore, if the problem parameters satisfy
1 (a+8) + v2v(a%)?/A
< , 233
T " 2(Ma+ B -7 253
and if we choose the pair of (w22, wss) as (Wa2,wss) such that the following two conditions:
1 s - VBETEA (et 8+ BEPE
Do 2@+ B =@ T T 2@ Y g

267 @5 {(Q’Y(UZ)Q — Mo+ B)?) Wiy + (o + B)waz — 41)\} — Why >0,

simultaneously hold, Eq. (145) becomes positive semidefinite and Q satisfies Q7 < Q. This result
indicates that Q; < Q for all t € [0, 7.
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G Further investigation for the solution of MRDE (130)

We examine the existence and uniqueness of the solution to MRDE (145) in the case that
27(c%)? — (a+ )2\ < 0. (235)

Our focus is placed on the case that p > 0 in the following.

G.1 In the case that p >0

As a sufficient condition, we continue to seek for the condition under which the matrix (145) becomes
positive definite. The definiteness of the above matrix (145) is the same as that of the following
matrix:

2 1 aw
w3 (Q’Y (UZ) —Aa+ 5)2) + waa(a + B) — TN oW (a+8)+ 244 +wap —w
aw 3
—awowas (o + B) + % + woop —a? w3, + 2waap 0 € S°(R).
—Ww22 0 2bILU55
(236)

Using the same reasoning in Appendix C, we can express wyq with a parameter € € (0,2) as

ep
By setting wyy = £p/(a?)), we can rewrite the matrix (236) as follows:
1 Ela+p5) ep
2 (o~ (52)2 _ 2) _ 1— _

W3, ( v (67)” = Ma+ B)?) + waa(a + B) o wnp = +5 5 Wao

U:= £a+p) ep P o = € S*(R)
1-— —— (2 — 0
w22p{ al } T 2 a2/\( £-%)
—Ww22 0 2bI(U55
(238)

Therefore, if we can choose the pairs (£, ws2) such that

2 - o
%(25— &%) {w§2 (27 (67)* — Ao +B)2> + waa(a+ ) — 41/\} _ <w22p{1 & O;; 5)} N 2:))\) -

(239)

holds under the following constraints:
g€ (0,2); (240a)
(0+8) = VHPIX _ _ (a+B) +H(e?P]A 10h)

2{AMa+ B)? = 2v(c?)*} 2{AMa+ B)? = 2v(c?)?}’

the determinant for the 2nd naturally ordered principal minor of the matrix (238) becomes positive-
definite.

Also, if this condition is satisfied by parameters, we obtain our desired result since the determi-
nant of the matrix (236) is calculated as

2
U| = 2 wss[U%| — (wp)?o— (25— 22), (241)
Oét)\t

and we can choose wss sufficiently large so that the R.H.S. of the above equation becomes positive.
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From the above argument, if we choose wos, w44, and wss as wog, Waq, and wWss, respectively, such
that these satisfy conditions (239), (240b), and (241) hold, the matrix

00 0 0 0
0 wyy O 0 0

Q=10 0 0 0 0 [eS®), (242)
0 0 0 @y O
0O 0 0 0 wss

becomes a upper bound matrix and satisfies the conditions in Theorem C.1: Q; < Q for all t € [0, T].

G.2 Benchmark values case

In the following, we examine whether a upper bound matrix exists for the benchmark values in the
numerical experiments. In the numerical values, we first observe that

E =

«

A =0.0005 < 2. 243
a+ (243)
Therefore, we can choose £ as a\/(a + ). Substituting £ = a\/(a + 8) and

P ~

under the benchmark values into Eq. (145), we have

Waq =

~-B'Q-0B - C+0AQ

0 0 0 0 0
0 —0.00098w32, + w2 —250 0  0.05  —way
=10 0 0 0 0 c S°(R). (245)
0 0.05 0 0.03999 0
0 —W22 0 0 2[)%0055

We first observe that

f(wa2) = —0.00098w3y + was — 250 > 0
< 438.05032845035... < woy < 582.35783481495..., (246)

with its maximum value of f(1/0.00196) = 5.10204082. If we take Wy = 1/0.00196, we also find
that the determinant for the 2nd naturally ordered principal minor of the matrix (245),

|U%2| = 0.2015361230... > 0, (247)

becomes positive-definite. In addition, we can choose wss such that the determinant of the ma-
trix (245):

2
U] == 207 wss| U] — (@2)? gA (28 — %) = wss|U%2| — 0.3999 (@), (248)
Oét t

becomes strictly positive. Therefore, we conclude that there exists an apper bound matrix for the
MRDE (145) under the benchmark setting in the numerical experiments (Section 4).

H Further analysis of comparative statics: Effect of risk aversion

parameter

We examine 100 sample paths of optimal execution strategy with different values of v and A.
Figure 15 illustrates 100 sample pathes of optimal execution strategy depending on the realizeed
values of Markovian environment.
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Figure 14: Comparative statics for coefficients with different values of ~y
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Figure 15: Comparative statics for 100 sample paths of @t with different values of ~
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